Ranking of triangular intuitionistic fuzzy numbers (TIFNs) is an important problem, which is solved by the value and ambiguity based ranking method developed in this paper. Firstly, the concept of TIFNs is introduced. Arithmetic operations and cut sets over TIFNs are investigated. Then, the values and ambiguities of the membership degree and the non-membership degree for TIFNs are defined as well as the value-index and ambiguity-index. Finally, a value and ambiguity based ranking method is developed and applied to solve multiattribute decision making problems in which the ratings of alternatives on attributes are expressed using TIFNs. A numerical example is examined to demonstrate the implementation process and applicability of the method proposed in this paper. Furthermore, comparison analysis of the proposed method is conducted to show its advantages over other similar methods.
Introduction
The ranking of fuzzy numbers is important in fuzzy multiattribute decision making (MADM). There exists a large amount of literature involving the ranking of fuzzy numbers [1] [2] [3] [4] [5] [6] [7] [8] [9] . Roughly speaking, a fuzzy number may be considered as a representation for an ill-known quantity. The intuitionistic fuzzy (IF) set introduced by Atanassov 10 is a generalization of the fuzzy set 11 and the IF set may express and describe information more abundant and flexible than the fuzzy set when uncertain information is involved. Therefore, an ill-known quantity may also be expressed with an intuitionistic fuzzy number (IFN) 16 defined the ranking order relations of TIFNs, which are applied to matrix games with payoffs of TIFNs. In this paper, a value and ambiguity based ranking method is developed for TIFNs. The proposed method transforms the ranking of TIFNs to that of real numbers, which is easy to be handled and calculated. Moreover, the proposed ranking method can be extended to that of trapezoidal IF numbers 15 . There are always uncertainty and imprecision existing in real-life decision making information. In order to develop a good methodology, the fuzzy set 17 , linguisticvalued 18 and IF set [19] [20] [21] are frequently used to describe imprecise and uncertain factors appearing in real-life decision problems. In this paper, the concept of an TIFN is considered as a representation for these uncertain factors in real-life decision situations and we study MADM problems in which the ratings of alternatives on attributes are expressed using TIFNs. The rest of this paper is organized as follows. In Section 2, the concept of an TIFN is introduced. The arithmetic operations and cut sets of TIFNs are given. Section 3 defines the concepts of the value and ambiguity of the membership and the non-membership degrees as well as the value-index and ambiguity-index. Furthermore, a new ranking method of TIFNs is developed on the value-index and ambiguity-index. Section 4 presents MADM problems in which the ratings of alternatives on attributes are expressed with TIFNs, which is solved by the extended additive weighted method using the value and ambiguity based ranking method proposed in this paper. A numerical example and short concluding remark are given in Sections 5 and 6, respectively.
Basic Definitions

The definition and operations of TIFNs
In this section, TIFNs and their operations are defined as follows. 
respectively, where the values a w and a u represent the maximum degree of membership and the minimum degree of non-membership, respectively, such that they satisfy the following conditions: 
where the symbols " ∧ " and " ∨ " are the min and max operators, respectively.
It is proven that the results from multiplication and division are not TIFNs. But, we often use TIFNs to express these operational results approximately.
Obviously, if 
Cut sets of an TIFN
According to the cut sets of the IF set defined in [10] , the cut sets of an TIFN can be defined as follows.
is a crisp subset of R , which is defined as follows:
where
> is a crisp subset of R , which is defined as follows:
Using Eq. (1) and Definition 4, it follows that a α is a closed interval, denoted by
= , which can be calculated as follows: . (12) The support of the TIFN a for the membership function is defined as follows:
i.e.,
Definition 5. A β -cut set of ( , , ) ; , a a a a a a w u =< > is a crisp subset of R , which is defined as follows:
where 1
Using Eq. (2) and Definition 5, it follows that a β is
which can be calculated as follows:
The support of the TIFN a for the non-membership function is defined as follows:
Characteristics of TIFNs and the Value and Ambiguity based Ranking Method
Value and ambiguity of an TIFN
In this subsection, the value and ambiguity of an TIFN are defined. 
respectively.
The function ( ) 
It is easy to see that 
respectively. The ambiguities of the membership function and the non-membership function of the TIFN a are calculated as follows: 
The value and ambiguity based ranking method
Based on the above value and ambiguity of an TIFN, a new ranking method of TIFNs is proposed in this subsection. A value-index and an ambiguity-index for a are firstly defined as follows. 
and
respectively, where
is a weight which represents the decision maker's preference information. shows that decision maker prefers to uncertainty or negative feeling;
1/ 2 λ =
shows that decision maker is indifferent to between certainty and uncertainty. Therefore, the valueindex and the ambiguity-index may reflect the decision maker's subjectivity attitudes to the TIFN. 
Step 2 . Namely, if Similarly, it follows that Similarly, it follows that 
An Extended MADM Method based on the Value and Ambiguity based Ranking Procedure
In this section, we will apply the above ranking method of TIFNs to solve MADM problems in which the ratings of alternatives on attributes are expressed using TIFNs. Sometimes such MADM problems are called as MADM problems with TIFNs for short. Suppose that there exists an alternative set The extended additive weighted method for the MADM problem with TIFNs can be summarized as follows:
(i) Normalize the TIFN decision matrix. In order to eliminate the effect of different physical dimensions on the final decision making results, the normalized TIFN decision matrix can be calculated using the following formulae:
a a a r w u a a a (27) and ( , , ); ,
respectively, where B and C are the subscript sets of benefit attributes and cost attributes, and
(ii) Construct the weighted normalized TIFN decision matrix. Using Eq. (8) ) by using the value and ambiguity based ranking method proposed in Section 3.
A Numerical Example
We analyze a personnel selection problem. Suppose that a software company desires to hire a system analyst. After preliminary screening, three candidates 1 A , 2 A and 3 A remain for further evaluation. The decision making committee assesses the three candidates based on five attributes, including emotional steadiness ( 1 X ), oral communication skill ( 2 X ), personality ( 3 X ), past experience ( 4 X ) and self-confidence ( 5 X ). Assume that the total mark of each attribute is 10. Using statistical methods, the ratings of the candidates with respect to the attributes are given as in Table 1 , where <(5.7,7.7,9.3);0.7,0.2> in the Table 1 is an TIFN which indicates that the mark of the candidate 1 A with respect to the attribute 1 X is about 7.7 with the maximum satisfaction degree is 0.7, while the minimum nonsatisfaction degree is 0.2. In other words, the hesitation degree is 0.1. Other TIFNs in Table 1 are explained similarly.
Since the five attributes are benefit attributes, according to Eqs. (27) and (29), the weighted normalized TIFN decision matrix is obtained as in Table  2 . respectively. According to Eqs. (21) and (22), the values of membership functions and non-membership functions of 1 S , 2 S and 3 S can be calculated as follows: , the ranking orders of 1 S , 2 S and 3 S are obtained as in Table 3 . 
S S S > >
From 3 S . These factors cannot be reflected in Wang and Zhang's method 15 . Thus, the proposed method is more reasonable. On the other hand, Wang and Zhang's method 15 transformed the ranking of TIFNs into that of interval numbers. The ranking of interval numbers is still difficult. However, the proposed method can transform the ranking of TIFNs to that of real numbers. Therefore, the proposed method is easy to be implemented.
Conclusion
This paper discusses two characteristics of an TIFN, i.e., the value and ambiguity, which are used to define the value-index and ambiguity-index of the TIFN. Then, the value-index and ambiguity-index based ranking method is developed for TIFNs. Furthermore, the proposed ranking method is applied to solve MADM problems with TIFNs. The proposed ranking method is easily implemented and has a natural interpretation. It is easily seen that the proposed ranking method can be extended to more general IFNs in a straightforward manner. Due to the fact that an TIFN is a generalization of an TFN, the other existing ranking methods of fuzzy numbers may be extended to TIFNs. More effective ranking methods of TIFNs will be investigated in the near future.
